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ABSTRACT 


Boolean functions which can be separated by a 
quadratic form are called quadratic boolean functions. 

General properties of quadratic functions are 
investigated and a set of parameters which characterize 
a quadratic function are defined. 

A set of theorems concerning the separability of 
unate functions are given and it is found that the 
class of quadratic functions is greater than the class 
Oreunate functions. For a given unate function a set of 
parameters is defined which enables us to find an order- 
ing among the variables and will be used to find its 
realization. 

Finally a method for realizing unate functions is 


given. 
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CHAPTER I : INTRODUCTION 


In this thesis we are concerned with the realiza- 
tion of switching functions by means of what we call 
quadratic threshold elements (QTE). A quadratic threshold 


element has n external binary inputs Xj1 Xoreres Xr a 


n 
Single binary output, a single internal threshold T and 
n(n+1)/2 internal parameters or weights Ayr Agr coer Aye 


Aoyr Azgyreees Be Se where as is related to the binary 


input Xi and nue is related to the binary inputs x5 and 
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diag xX; is one of the 2” different values of the ordered 
n-tuple X= (X)7Xor-+ 7X) (Sheng [14]) and F is the swit- 
ching function realized by the QTE, there exist a5 such 


that 
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OTH find applications in several fields. In learning ma- 


chines, the quadratic discriminant functions are widely 
used. QTEs can also be thought as being a modified 
voting or majority logic, where some inputs can be related 
to each other, and then find application in digital data 
processing hardware (magnetic cores, resistor-transistor 
circuits) and in biological processes such as central 
nervous system of animals. 

Although given a QTE we can always find a switching 
function F such that system (I) is satisfied, the converse 
is not true. What type of switching function can be 
realized by QTE and how to find the corresponding QT ele- 
ments is the central problem in our work. 

A problem closely related to quadratic separability 
is the linear separability of switching functions and has 
been subject of intensive research by, among others, 
Winder [15], Lewis and Coates [5], Sheng [14], Dertouzos 
[6] and Highleyman [9]. Linear separability turns out to 
be a special case of quadratic separability and solves 
many of the problems outlined before. However, the number 


of boolean functions that can be separated by using linear 
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threshold elements becomes progressively a smaller frac- 

tion of the total number of boolean functions as the 

number of binary inputs is increased. Using QTEs, the 

number of boolean functions that can be separated is substan- 
tially increased and, if the function is unate, we in fact 
show that it can always be realized with a QTE. In this the- 
sis, we shall investigate the general properties of quadratic 
functions, then go on to the properties of unate functions 
and the general method of realization of unate functions. 

But before going any further, we need to define some basic 
definitions and concepts which will serve as the necessary 


background. 


1.1 Boolean functions 


Boolean algebras, Asset B of elements bi boy e any be 


is called a boolean algebra iff the following properties 


hold: 
Pl: There are +2-binany operators, ()yete) ewhich «satisfy 
= _=b. id tent 
b,-b, b. +b; b (idempotent) 
= ° é = wtb. cd 
eee yes : b.+b, om bs (commutative) 
beet meby = (Ds ea esk 
= es = (associative law) 
= Uplate iak®) 
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(mutually distributive) 


Det (be. = : 
i We b,) (bi tb.) = (b5 tb, ) 
P4 : There exist universal bounds, 0 and I which satisfy 
0.b,= OF O+b, =b, ; 1.b;= ba, 1t+b,= Ai 


P5 : There exists an element b, for every b such that 


b, +b, =e Da De (=O (complementation) 
These properties hold for all be Be 


Boolean functions: A function F(x), Xore+e 1X) is 
called a boolean function of n variables (or more precise- 
ly, a n-ary truth function) when each of its variables x5 
(i=l1,n) can take only two values (0 or 1, True or False, 
arand & ain general), and also the value of the function 
can be either 0 or 1, True or False, a or a. The defini- 
tion domain consists of all possible sequences xX. = 
(Xi, Xorees x) of length n each of whose element x5 
(i=1,n) is either 0 or 1, True or False, a or a. The 
function E(x), Xoreece x) assigns a truth value (0 orl, 


T or F, a or a) to every element of the definition domain. 
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Let F be F = X,+X,- The definition domains are the 
Zea pointe er = (00), (0 Lt), Ah 0), (iL) eid. coe 
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We will now give a different definition of boolean 
functions. Let us consider n binary variables where each 
variable can be either 0 or 1. The set of all possible 
combinations of values for Preece variables can be ob- 
tained by forming the cartesian product of n identical 


sets B = {0,1}. This set of n-tuples is 


The set B’ is then the set of all n=-CLuples ol Ulangul, 
and boolean functions can be defined as the mapping of 


the set ish into the set B 


> B 


et is also called the n-cube and is a subset of the 


Euclidean n-space Bie 
From now on, each n-tuple will be designated by 
xX (i=1,2") and will be called a vertex of the n-cube. 


The set of all vertices will be designated by X. 


1.2 Geometrical interpretation of boolean functions 
Let us from now on work with the assumption that 
the variables x5 (i=1,n) and the function F(X) ¢Xor-++7%X)) 


are to take only the values 0 or l. 


For example, if we are working with two variables, 


then 
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x5 Gan be 0 or’ 


We can represent this situation graphically, as shown in 


Fig 1:1 ee) 


Fig 1.1 Graphical representation of Bo 


We see that the values of any boolean function of two 
variables will be a mapping of the vertices of the square 
into 0 or 1. In three dimension (that is, with three 


variables) we have to refer to a cube in E>, 


Example re 2 F. = X1+X5X3 
Table I 


Truth table of F. 
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in general, for a boolean function of n variables, we 
have to resort to an hypercube in Beat om Nnacube:. 

As we see from Fig 1.2 and Table I, we can make a 
one to one correspondence between the vertices in the 
n-cube and the minterms of n variables. A minterm or 
fundamental product is a product with all n variables 
tieluced., For example, in Fo= x. +%.x the minterms are 


Pe Le ec 


Xj XoXqr X]XoX3, KX X5X371 X)XoX3 and X1X5X3- 


Definitions: 

A simple product is a product of k variables 
(1 < k.< n) where some variables can be complemented. 
A simple product R is called a prime implicant (PI) of 
F(X) ,X51--+7X,) if R > F and there exists no other simple 
PEeaucte eRe wsich that Rv oR 

A function is said to be in irredundant normal form 
when it is represented as a sum of a subset of its PIs 


such that no PI is irredundant. 


1.3 Reduced functions 


Let F(X) ¢xg0-- Xp) be an arbitrary boolean function 
in B’. We define the reduced function of F with respect 
to x;, and denote it by Fo, as being the function result- 
ing from assigning to x, the value of 1 (and to x, the 


Value OL +0). —“Lhat’ 1s 


Px = F(X) Xoe-0- 7 (Xy=1/%5=0) 1--- 1 Xp) 
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In general, let S be a simple product. The reduced func- 
tion of F with respect to § is gotten by assigning to § 


the value of l. 


Example 1.3 


E 


Xi XgtXoXyXotXoX-_ 


S = X1XoXy 


Fo= F(x,=1, (x,=0,x5=1) ,x,,x,=1,x,) 


In particular, we have the very useful expression 
F = x.F_ +x.F- 
ix; “ix, 


Let Fi and Fy be two boolean functions. We say that Fi 


contains Fo, or 


| 
pe 


Pe Oe ree Die Or rally: xX; Fo (X;) = 1 > F, (X,) = 


L 2 


If there exists some xX such that F,(X;) = OF Ce Aa Bes 


then we say Fi > F.- We say that two boolean functions 


F, and F, are comparable, if F, 2 F, or Fo 2 Fi- 


iL 2 


Monotonicity 

A function F(X) sX51--sX)) is said to be l-monotonic 
iff the reduced functions Foor (i=l,n) are comparable. 
PeEUnction F(X) ¢X57--/Xp)) iP estisa k-monotonic iff the 
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reduced functions along any i varables 0 < i < k are 
comparable. 

A boolean function F(X) /Xo1-+7%,) is called unate 
iff it can be represented in irredundant normal form in 
which no variable appears both complemented and uncom- 
plemented. It can be shown easily that any unate func- 


tion is l-monotonic (McNaughton, [12]). 


1.4 Linear separability 


Let F(X) ¢Xor-++7X,) be a boolean function. We say 


that F is linearly separable iff there exist [A;T] such 


that: 
BX, OD gheitteebe Hie teal: 
beer, ui 
and 
atx, <T fee or ixe 0 
1 1 
where A = (aj 1Agr- ++ Ay) is a vector of n real parameters 
and T is a real number. 
Example her) 
F. = x, +X>- If we choose [A;T] to be A = (1,1), 
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We then say that the function F3= X,+x, is linearly 
separable or threshold, and [A;T] is its (linear) 


realization. The equation aly-1 = x,+x,-l = 0 is the 


ee 

equation of a straight lane in E? (see Fig 1.3) which 
bees: Z : : 

divides the E” space into two regions: one containing 


the true vertices (F = 1) and the other the false ver- 


GEces= (Fb = (0) % 
ae 2 


ae 


Fig 1.3 Geometrical interpretation of the 


threshold function F. 


In general, if F(X) /X5r--++1X)) is linearly separable, then 
there exists an hyperplane alx-t = 0 in E™ which divides 
the B” space in two regions; one containing the true ver- 


tices and the other the false vertices. 


Theorems relating to linear threshold functions 


There are several theorems relating to linear thres- 
hold functions and we will mention only one of them. Its 
proof can be found in Sheng [14], Lewis and Coates [5], 
McNaughton [12]. 

Theorem 1. Let F = F(X) sX57-+ 7%) be a boolean 


function of n variables. If F is linearly separable 
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then it is n-monotonic. 
Corollary I.l. If sr is a threshold function of 


n variables then F is unate. 
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CHAPTER II : QUADRATIC FUNCTIONS 


2.1) Ouadratic Separability 


Let F = F(xX)X5--+-X)) be a boolean function of in 
variables. We said that F is quadratically separable, 


iff there exist [A;T] such that 
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The geometrical interpretation of quadratic functions 

(its name deriving from quadratic form) is that the points 

in the n-cube corresponding to F = 1 are separated from 

those corresponding to F = 0 by a quadratic surface in He 
TE a boolean function 1s quadratically -scparabile, 

then there exist P(X) = xa reer Wh achiteley aalgyhe 2 e.) wo (6) obeys 

F(X) = 1 and P(X) <0 iff F(X) = 0. Then P(X) = 0°-is the 


separating surface. The quadratic form gives rise to 
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different figures, depending on the properties of the 


matrix cA. 


Case a: 


The matrix A is diagonal. Then 


Elen rs es 2 2 Rees at 
P (X) XA X es A,X ptagoXot-- tay Xy Tien) 


The separating surface is an ellipsoid whose semiaxes are 
: : : : : 2 
coincident with the x, 'S. Also, since x, = Xj BOG x= O71 


we see that 
P, (X) = A) 1%] tagoXot---- ta, x,7T = 0 
is a separating hyperplane which also solves the problem. 


It is therefore clear that the threshold functions are a 


subclass of quadratic functions. 


Example Dice 
Fi = KX) Xotk  X3tkXoX3 
i Ce 2 0 
A= Or 0 : Tie aces 
Olmert ike 
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Separating ellipsoid xe4x5+x5 - 2= 0 
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Separating hyperplane x,+x5tx37- 2 0 
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Fig 2.1 shows the graphical interpretation. 


1 b) hyperplane 


a) ellipsoid x 


Fig 2.1 Separating surfaces for Fy 


Case b: 
The matrix A is positive definite, but not diagonal. 
Then X-AX-T = 0 is the equation of an ellipsoid whose 


semiaxes are not coincident with the x, 'S- 


Example Ze 


Fi = X1X5tX3Xy admits a realization [A;T], where 


OO ea) 
if il 0. 0 
A= " T= 3 
(op xa aie 
On 0) LoL 
ph OP ee APs y ‘3 
and P(X) = Xp TX tRZ+K {TX X_tXzXy 3 = 0 is the separating 


ellipsoid. 


The true vertices (F=1) are outside P(X) 2 0 


The false vertices (F= 0) are inside P(X) < 0 


 Snpehen el A ztwdem sof 
foalitnd ep thapen #rsabeey : 
stot BlowiyiTle iy, Yonik spins aid ak 0 xe neat 


IPR sale saath soit oie 


ajo: aaa 


iS 


Case c: 


The matrix is neither positive nor negative 
definite. Then P(X) = x AX-T = 0 is the equation of 
an ellipsoid, parabola, hyperbola or degen erate 


conic. 


Example 2.3 

F. = xx +X)X5- This function is not unate and 
hence cannot be separated by a tnear function. We will 
solve the problem using three different matrices and show- 


ing the different separating surfaces. 


Solution 1: 


Fig 2.2 Separating ellipsoid 


on + ie gales sone eal 
sential LAs: alc nediand cl on 


> 


commtive paidsxeqze taszertib edt pak = 
° 82 


Solucrvonmec: 


POO xq +x5-2x, x71 = (x,-x5)°-1 = 0 and this can be 


factorized as x, = x5t1; vgs £2) Bie 


1 -1 (straight lines) 


2 


wy) 


LG e2.e5 F, is separated by 


straight lines. 


Solution 3: 


Fig 2.4 F. is separated by 


an hyperbola. 
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As we have seen, even when the function is not unate 
we may still be able to separate it. 
A general method to realize non-unate functions 
has yet to be developed, however, for functions with 
not too many variables, a method based on trial-and-error 
may work even though it is not usually known in advance 


whether a given function is quadratic or not. 


2.2 Generalized Chow parameters 


Let F(x)X5.--x)) be a boolean function of n varia- 
bles and let M=m(F) (0 s<M<« oA be the number of ver- 
tices for which the function F is equal to l, i.e. the 


number of true vertices (0 <M < Joie Also let 
Ce snr a) (ie ep cseear tl) 


Gan= 1 EF ) Cais S prebeay Tc we pee tk) 


so that Cy is the number of true vertices with x.= 1 and 
C5 is the number of true vertices with en ee Now, M, 
the number of true vertices, and Cc, (T=) 2s; rep leeLOLinad 

set of ntl parameters which characterize (Sheng, p.20-21) 
the realization of a (linear) threshold function, and are 
called the Chow parameters. By extension, M, C. and oe 
form a set of lin(ntl)/2 parameters which, as will be shown 


later, completely characterize the realization of a 


sevidetir as -t' agee "opi oak ie pated” lee Shane 
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quadratic function, and are called in this thesis the 


generalized Chow parameters. We now set C,,= ¢; (i=l,n) 


and define the matrix C as follows: 


| 
Cisim 0 flee 
| 
CFF eC 52h hiky 20 
C= | 
| 
ee ee ee ee 
| 
| 
nL | Cnn 


and the generalized Chow parameters are then represented 


fnecompact Lorm) byeMrandiC. 
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223 PLOperre lessor quadratic functions 


Lemma 1: 


Tf F,(X) = Fy (xy 1Xor-+7X)) is a quadratic function 


ri 2 . wre 1 oe 
Wiltlerealrzation [A‘:%']> then F,(X") = F)(X) +x 44 


(X= (xX) 7Xo7- 6X), XN= (KX) XoQ0- XX 47)) is also a qua- 
dratac function with realization [A";-T" | iwhere ASS 
q A A w 
oF eral g Snel neon 
= T ' = = 
and where 1 max (X;A X;) such that Fy (X;) 1 and T 


=0 (i=l,n), i 


iT) 
nt1,i ee 


ate is 
min (X;A X;) such that F, (x3) = OF 


Proof: 
For Xnt1 = 0 
xitatx! = xvA%%n+40 > T' =P" Gff F. (X.)=15 FA(X!)=1 
oh at i at ~ UV vcent ai. 
eTany' = xla'xy, +0 < T' = T" iff F.,(X.)=027F.(X:)=0 
ec eS ipa PAE 
For X41 pee 
Tee! , aac es - xta'x.+(T -T ) > T T' = 7" 
x, A"X, = XsA Xt 84a ntl XiA X; ( = i) EaedRe ye 
v 0 ss 
and F(X; ) =01 since x 1s a 
Lemma 2: 


cs i agratrvcescunction 
Lt Fy (x) = Fy (xy 1X gr-+ 1X) is a quadra 
with realization [A';T'], then F. (X") = Fy (X) -X4y 
(X= (KX) pXq0007X),)e X'=(Xp/Xore + Xr X47)) is alsoa 


quadratic function with realization {A";T"] where 


see ae a Mey ape apa: 
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Pt Trae type aunt, Om). rae Tet pe 
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Lig % santa I= {44158 bre : 
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7 


. Aes 
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: 7 Boats ak pai ote prey chy RSX Pa n™ts* gt pd 


ditty) saison Seeing 


—_ ! ; _— ‘ i 
flu . = lc A a gpg bt ag ® be Shit dtedias 0 (L=15n)" al. n+l 
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o a 
ae te and where oy = max (X,A'X, ) such that 


= ete a 
F,(X3;) = Read aE min (X;A'X, ) such that F,(X,) =1. 


Proof: 
For Xn+1 = 1 
He dh 
Mea x) = XAT XE + LA eat . 
i at A Xi Snel ntl = A etal eel a." iff 
— q om 
P(X) = 1>+F,(X;) =) 
zs ALL 
X!°A"X' = XVA'X.+ _ 7" 
a Fi at 5h an+1,ntl j onan ‘a wee 
= J — 
Fi (Xx, ) 0>+F,(X;) 0 
For Xnt1 = 0 
oUt Wy Oe Bae) a ue Tt Sand exe = 0 
a al 1 1 cage | ne ntl nr Zee 
Lemma 3: 
die Fir F. are two guadratic functions, then F,+F, 


is not necessarily a quadratic function. 


PLroort: 


1 X1X5X3tK XoX3 7 Po= X1XoX3tK)XoX3 


are quadratic functions with realizations 
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butatne, .cunctioner: = F,+F, (see Fig 2.5) is not quadratic, 


because that would imply the existence of A,T such that 


a5 
Xen Xe ee © 0) abaean, F(X) 


I 
ke 


Jy 
Dy ee Siu ad Wags oa Tega F (X) 


I 
i=) 
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Pig 2.00 9h XX oXatkX 1 XoXgtX] XoXZtX]Xo%X3 


In our case F = FUtE, = K 1 X_XgtXp XQXytRpXoX3tXypXoxX3 


ae 
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EEA GAR 
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Adding II, III and IV we obtain 


2(ajta,ta,)+a,, ta, +a,, <3r 


woereas the addition of V, Vl, VII and Vill results in 


+a 2s ee 


aera 


2(a,ta ta,)ta 


2 adh 


The equations are contradictory, therefore the function 


PSenot quadratic. 


Lemma 4: 
re Fy and F, are two quadratic functions, then Fi 


1°Fo is not necessarily a quadratic function. 


ty} 
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s 
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2 = %3tX)Xotx]X> 


realizations [A, iT, 1, [A,;To1], where 


and F are quadratic functions with 


A a SO eda) ‘i eae) 
A, sp 2) le 0 Tj=1 : A5= 2 4020 To= 0 
Ome) mage -l1 -l 0 
and F = F,-F, = Kp XoX gtk XX3tK]Xo¥3tkyX 5X 3 is the same 


function F as in Example 2.5, and hence not quadratic. 


2.4 Admissible transformations 
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Given the n-cube Bre the number of different boolean 


5 28 : 
functions that can be formed is 2° , which, for large 
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values of n, becomes very large. However, let us analyse 


Ciemrunceions torn the following example: 


Example 2.5: 


zs] 
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=< 3tX 


Fo 1X 2 San) ower las 


EEC y2<,0 


We see from Fig 2.6 that F. and EF. have the same "shape" 


1 
and both differ from F in that aspect.) -That. is; tne 
geometrical configuration of Fi lis; Ddentical to thatror 
Fo: 
We have seen in Chapter I that if a function is 
threshold, then there exists an hyperplane which divides 
the n-cube into two regions, one containing the true 
vertices and the other the false vertices. Similarly, 
if a function is quadratic then there exists a quadratic 
LOrn, mOm.CONnLG, in BE? which divides the n-cube in regions 


(280r 3), one (s) ‘containing the true vertices and the 


other (s) the false vertices. 
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In both cases, the problem of linear or quadratical 
separability can be thought as being a geometrical one, 
and we are therefore interested in dividing the 22" 
boolean functions into disjoint classes, each class con-. 
Sisting of different boolean functions but with the same 


geometrical configuration. These classes are called 


equivalence classes. 
Definition: 

We define the equivalence relation between two func- 
tions as follows: 


Log (£ equivalent to g) 


if there exists’ a function ©(X) isuchy that. £(x) i= £(0 (%)) 
where Q consists only of the permutation and complementa- 


tion of variables. 


Example 2.6: 
Given F) and F, from Example 2.5 


Fi = X1+XoX3 
FP = X3tX)X5 
and with Q such that x, X5, X, X., X, X, we have 


F, (Q(X) ) = X1+X5X3 = Fi : 
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Theorems relating to admissible transformations 


Theorem 2.1: 


Pe Fi = By CX) gree Xp re eX) is a quadratic func- 


tion with realization [A';T'], then Fo= Fy(X) Xgr- eXpr- eX) 


isealso a quadratic function, with, realization [A";T"] where 


Tie Teas and A" ie su ple aay "= a'ta! : 
a ch that as asi ay ata rai, 


Bane (k=1,2,..,n;k#i). 


Proof: 


EPO(A' =" ] 2s the realization of Fy (XyXo0- 1X5 7+ 1X) 
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where SUM is the part of Saree which does not depend on 


X5- For F, we have that the relationship (*) has to hold 


when we change x5 ele (1-x,), that is, we must show 


i-l n 
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and looking to the coefficients of Xin Xr Xi X, 


the second member, we get 
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Example 25.1 


F = x.x.+x.x, admits a realization of 


ie S| 


The realization for F,= X1XotX5Xy will be then 


and to 
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The above formula can easily be extended to k variables 
COP kw <= 1): 
Theorem 2.2: 

LE F(X) sX57-/X,) is a quadratic function, then F 
is also a quadratic function. 
Proof: 


Since F is a quadratic function there exist T , T 


QR 
and A such that a > T, and 
a oe eeu iff F(X.) = 1 
i i u eo 
Kuen iff B(xee =r 0 
1 1 Q 1 
and that can be written as 
KAJ (ETN) LEE heen) 
a i u i 
Xa) Xo CT) LEE Pix =O 
ul als Q 2 
If we now put G = F; iret cop olen ea A', we have 
xTA'x, > 7 iff Gx 
i af m ve 
xia'x, <7 iff Gx jen 
1 18 gee eee < 1 


that is, F = G is also a quadratic function. 


Theorem 2.3: 


If F= B(XqpX gre 0Xy re Xare 1X) is a quadratic func- 


tion with realization [A;T], then ie F(X) 0Xge- 0X51 0Ki or 


x) is also a quadratic function with realization [A,:T,], 
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where 1 T and Ay such that ask stoen aay ask 
(fri=l,2,--,n). The proof is obvious and) is omitted here. 
Theorems 2.1 and 2.3 prove that the existence of a 
quadratic realization for a boolean function is not 


affected by permutation and/or complementation of its 


variables, as was expressed at the beginning of 2.4. 
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CHAPTER III : UNATE QUADRATIC FUNCTIONS 
Definitions 


As mentioned in Chapter I, a unate function is a 
boolean function that can be represented by an irredun- 
dant normal form in which no variable appears both 
complemented and uncomplemented. A function is positive 
in an argument Xs iff it can be represented by an irre- 
dundant normal form in which x; appears uncomplemented. 
More generally, a function is said to be positive iff it 
is positive in all of its arguments. A function can be 


expressed as 


If the function is positive in Xin then (Sheng [14], Lewis 
and Coates [5]) aN ie and F = x;Fy + He a 


i - i i 


Geometrical interpretation of unate functions 

A unate boolean function of n variables is repre- 
sented in the usual manner, as being the mapping of the 
vertices of the n-cube into 0 or 1 value. At this point, 
it is useful to think of a partial ordering among the 
2” vertices of the n-cube. 


Let 


and 
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be two vertices of the n-cube. We say 


; 1 2 : 
xX) S X5 Tet x5 < x; (La 2s ete tl) te 
Definition: 


A boolean function is said to be positive iff 


< 
oe ee 


With this definition, let X, be such that F(X, ) = 1 and 


iL 
where some of the x,'S are in negated form. Then there 
exists a subset X, of vertices among the 2” vertices 

such that X 


< X, and by definition of positive function 


1 k 


F(X, ) = 1. 

Let us now go back to the n-cube. From all true 
vertices we take only those who are adjacent to some 
false vertex, and all them true boundary points. In 
Similar fashion, we define the false boundary points. 

If we join the true boundary points with straight lines 
lying on the surface of the n-cube, we see that the n- 
cube surface has been divided into two disjoint surfaces, 


one containing the true vertices and the other the false 


vertices. 


| Yee ee 


2 Mpa SRP pate core gre ol 


2 
’ « 
: : 


Phi ovistace ead fil soldonwa pasicod A. | 
: ot > ee 2t a eG 
ea 
bas L.= (Kid gets dows ed. a des Noitintte> adds Aa" 
sisi? asat ..qior berspsn. ni eso‘ a’ x os 30 \amoe 
apetdyay "S sd? popms gsqiztay 20 4% deadve = emia. 
asisoug? avisiaoq Jo noise yd Bae gh 2 ye 28e8 nee 
= (ge 
atx. iis next. Jedvsen Sith 99 cae ov von wir t02 
* ehioa od faba ites ei cay. eect yiao sHed ow oie! 
cf! aamtog ‘dnhaaec oad 8 LEN Bie yxotebv sefed | 
Hunton yasbraigs wale red | b ow nobis? telimts 
wit thin aaaio sane bi ad? tot ow 3 
Petry home pb 


said m8 a cna 
ae eninge etl kaa aasasoy at - ieiabadona ‘eal 


a2 


Bxeamp Lewes a1: 
1 X,+X,+x, 7, athe edotteds-Jine: in Eigawo le is the 


line joining the boundary points. 
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3.1 Separability of boolean functions 


In this section we will prove that all unate func- 
tions are quadratically separable. But before going any 


further, we need the following definitions. 


Assumability: 


Let F(X) ,Xor-- 7%) be a boolean function of n 
variables. We say that F is k-summable, k 2 2 iff for 
any integer 2 < 3 = k there are j true vertices 
Soyo oes! not necessarily distinct and j false 
vertices (Yq rYoree sXe) not necessarily distinct such 


that 


3 j 
ue sre ! age B(x) a, Fe eae 


We say that F is assumable iff it is not summable for 


any k 2 2. 
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The space En. 


Let P(X) 7Xy76+/X)) be a boolean function of n 


Variables in B” Sia. 


(m=n(n+1)/2). 


vectors in E™ 
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We now define a new base E™ 


, and we choose these base vectors to be 


There are at most m linearly independent 
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We have then transformed the function F(X) 7X57-+1%X,) Into 
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which is the condition to hold iff P(X)§as* quadratic 


separable. 


theorem 3.1: 

Let F(X) ,X51-+/X,) be a boolean function of n vari- 
ables. Then Fly. 1Yor-+sYp) is assumable in E” iff 
F(X) sXor-+1%,) is quadratic. The proof is straightforward 


and it is therefore omitted. 


Theorem 3.2 (Hruz): 
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then there exist Xie Y; (i=1,2) such that 
; Xi = ; y: F(X.) =1 F(y!) =0 


that is, the given function is two-summable. The proof can 


DemLoundain Hrunz [10]. 


Theorem 3.3 


All unate functions are quadratic separable. 


Proof: 


Let F(X sXor-+1%Xy)) be a positive boolean function of 
n-variables. By theorem 3.1 we need only show that 
, a1) ; 
F(yjrYore+rYy,) is assumable in E.. Assume the contrary; 
; m 
that is, suppose that for some k, F 1s k-summable inE . 


Then by theorem 3.2, there exist vectors Xi, Y; (Gee 
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in E” F(X,) = Ake F(Y,) = 0 such that 


(7) Q 
ine ve ) Bb ES nN eee) 


(HF x GD (0) 
eSiiyg hehe i 


2 
L 


ik 
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(1) 2 
en er me a 1=st te 


Obviously, q<n because otherwise we would have xt yh) 
a contradiction. Two cases may occur 
fling h ig eS) then x 7) S y ‘4) and F(x ‘+)) >r(y'4)) 


a contradiction since by definition of positive function 
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then x xX = 1 # yt Y = 0 a contradiction to equation 
s° stl s°* stl q 
(*). We arrived to the conclusion that any positive func- 


tion is assumable in E” and therefore quadratic, and by 


Theorem @izlaes anyeunatescunctioniis quadraticy real izabver 


3.2 Weights assigned to variables 

It has been shown that all unate functions are qua- 
dratic-realizable and in Chapter IV a method is’ given to 
find that realization. In this section we develop a method 
to assign a weight to each variable x5 (i=l1,n) and to the 
combination of two variables xi %, (ijgaSiyne. LAgNe 
The weight matrix 
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where m is an operator such that if G is any given 
boolean function m(G) will give the number of true 


vertrces OL G. 


For linear threshold functions it has been shown 


(Sheng, Lewis and Coates) that Cc, > Es ca acs ae For 
quadraticy functions that is not true, in general. Since 
O°< ck pens 2indb Oo) & Ci5 < puss the upper bound on the 


c,'s is twice the upper bound on the Sey Se and this 
means that while Ci will usually be greater than any 
a: it is often found necessary to assign to a given ie 
a greater weight than to a.- 


We have found that we can overcome this difficulty 
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Let F(X) 7X51++/X,) be a unate boolean function. The 
following theorems show the relation between its wirh 


weight matrix W and the realization matrix A. 


Theorem 3.2.1: 


Pe Ws > 5 , then 
i-l n 

Sui Pw) ase S70 
Were oe ait Pye 


and a; > GO is admissible. 


and 


and in either case, that implies F is positive in Xs and 
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aid ee 
last two inequalities, we get 
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and since 5 > 0, it follows that 


is admissible. 


Theorem 3.2.2: 
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and a, < 0 is admissible. The proof is analogous to 


Theorem 3.2.1 and is omitted. 
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and in either case, that implies F = F- and that 
a al 
means there exist two points Y,Z such that 


Ea Dae * * 
Y= X47 X5 Zee x5 =e x and EGY) cea all 
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My x) Xo eee Xs oe 4 Oban g xn and E(2) = 0 
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is an acceptable solution, and since Xy > 0, we conclude 


that aie 0 (k= 53) 7 a= 0 (k=itl,n) is an admissible 
solution. 
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Proof : 


We can prove the theorem in two parts, first for 
the special case when F is 2-monotonic, and then, for 


unate functions in general. 


Case l: 


F is 2-monotonic. Then 7 > Oe> a and. tiae 
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and since (X*); 2 0, follows that |A, | > |A, | is admissible, 


and hence a.>a.=, 
1 J 
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x2=70. “Then, F(Y,) = 1] (k=1,K,). Let us assume F(Z) )=1 
(k=1,K,). But that would imply — contains at least as 


Many vertices as X;, OF C, < C., contrary to our assump- 


J 
tron. On the contrary, 1£ F(Z) ) = 0 for some k, then there 
exist two vertices Y and Z as defined above. Using the 


same reasoning as in case 1, we conclude 
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if a Wa and this result is admissible, according (to 


Theorem 3.2.4. 


Theorem 3.2.6: 
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Theorem 3.2.8: 

Let F = F(X) ¢Xor-+1X)) be a positive boolean func- 
tion. A realization [A;T] such that |A|, = min is one 
such that A is positive definite, and [A;T] is called a 


Minimal realization. 
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and 


G. = X.AX. - j= n 
; jo45 Ts 0 (J=M,2 >) 


For each point X, €F we take another X, € F such that 


em Kee 
x; x. and form 
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CHAPTER IV : REALIZATION OF UNATE QUADRATIC FUNCTIONS 


As we have seen in Chapter III, any unate function 
is quadratically separable. Furthermore, there are some 
non-unate functions for which a quadratic realization is 
possible, although the realization process is more ardous 
than for unate function and no general method has yet been 


developed. 


4.1 Positive realization 


Let F(X) 1X57--1X,) be a unate function. From 


ye epee) 


Theorem 2.1, the realizations of P(X Xo r0 0 Ky ‘ 


and F(X) )Xo0000%p re X) are related to each other and, 
therefore, given a non-positive unate function, we can 
find the realization corresponding to the positive func- 
tion resulting from complementing the original negated 
variables, and then go back to the realization for the 
original function using the relations from Theorem 2.1. 
From Theorem 3.2.8, we know that for a positive 
function all the coefficients ais will be positive and 


it is then very simple to find the maximum and minimum 


set, as explained below. 


Definition: 
Let F(X 1Xo1-+7%X)) be a positive boolean function. 
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the boundary of F, or true boundary vertices. The 
maximum set Xn is the set of vertices belonging to the 


boundary of F, or false boundary vertices. 


Example 4.1 
For Fi = X1XotX1X32tkyxX the minimum and maximum 


sets are, respectively: 
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ad 
I 
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Fig 4.1 Mino and 


max ( sets for F, 


Theorem 4.1: 


Let F(X, /Xor-+ 0%) be a positive boolean LUNnCeLON. 


TE RIFlL= [A:T] is .a realization for the min and max sets, 


then R[F] realizes F. 


PLOOL? 


Let U be a vertex of Xue Va vertex of Oe, 
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then ul au Ps ik and viav Sed 


Ie Xx is any true vertex, then there exists some true 


vertex Xi & Xy such that Xi <= xX, and then 


alt T 
7 Lae X AX Ss X, AX 5 
Similar lyieit Xn is a false vertex, then there exists 


some 
false vertex xX eX, such that x, > Xn and 


Le xt ax eX 


T 
Vien § Gees 


Hn 


We conclude then that [A;T] is a realization for F. 


Realization method for positive functions 


Let F(X) ,X57-+1/X,) be a positive boolean function. 
To find its quadratic realization is to solve for [A;T] 


the 2” equations: 


XeAXie> T pene F(X) 1 (M equations) 


and 


xtax < T iff F(X) = 0 (2™=-M equations) 


We have seen, however, that the problem is greatly simpli- 
fied if we find the maximum and minimum set, since it re- 
duces the number of vertices under consideration from Oa 
to (ptq), where (p,q) denotes the number of vertices in 
(XyrX) Finding the realization of a given function sis 


then to solve the system of (p+tq) equations 
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For the 1+n(n+l)/2 parameters AprAgre s+ 1A, Dai OUR teak 
andes tl. 

There are many ways to solve the above system. One 
might think that the most direct approach would be the 
Simplex method, since its implementation in a computer 
program is straightforward; however, the size of the 
Matryx Grows too capldly with n(n (ntl)7 2) and)it is 
impractical when dealing with more than 5 or 6 variables. 

We have developed an algorithm, based on Sheng's 


successive higher ordering and which provides satisfactory 


results. 


4.2 Realization of a unate boolean function by successive 
higher ordering method 
Preliminaries: The successive higher ordering method 


is a method which gives minimal quadratic realization for 
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and Sd ste ads .tavawo 4B E eee 
wh 3 “bie (SNL) “ia Aaxy ylbcgm Ost glen detain '| 
-ealdsitey 0"10)/2 nets oxo. lai philaeh mbie Liew tomes | 
a iat ein aciceenpa mail 7 


50 


any unate boolean function. Let F(X) 1X51-+7X)) be a 


unate positive boolean function and let Wy rWoreerWoe 


W 
20: eee be its relative weights. For reasons of 


greater clarity, we will number them as Wy Wore WoW ae 


Wht2recc Wy with m = (n(n+l1)/2. Since F is DOSi tive Lt 
is possible to find a realization such that all ana are 
positive numbers. 

Let us assume the initial ordering among them is 


such that Wp es iy Wz 2 «+++ 2 W- We have shown before 


that We Wa implies a, 2 a is admissible. Then 


= 
fe 
Vv 
= 
ND 
Iv 
= 
W 
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— Wear ay > a5 2 a Sere ant ite 


we take We Ws Bec a. we are left then only with the 


strict inequalities 


Seiayee> BoM. oo wae 0 
8 k p 


ay 
and we have reduced the number of unknowns from m to m' = 
m-E, where E is the number of equal signs. 


There is still another reduction we can accomplish. 


Realizing a function means solving the equations 


2 ls (Kadai ey 2) 


and (4.1) 


KGAX, <7 (j=1,2,--,q) 


where p and q are the number of vertices in the maximum and 


minimum set. Let us now assume we have equalities of the 


type 
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n 
= eye) ee Wes : 
k=1 JK 
That means that the contribution of the coordinate 
x5 is the same of coordinate Xi we denote that by saying 
Xj= X. and can consequently reduce the number of equations 


J 
PEO DTG) sto) (p'-+q"). 


Example 4.2, 


Fi = X1X5tX3X, - The Chow matrix is 
T0000 20. 
4@5. 070 
a= Mo=.7/ 
Beroeson 
3.3). 455 
and the weight matrix's elements are Wen Were c, /min(M,2°~*) 
Gain) sand oe ¢,,/min(M,c,,c3) (j=1,n-l;i=j+l,n). We 


have then 


n 
D Wi, = W +w +W35+Wyy 5/7+4/4+3/4+3/4 


ret a oar ral 
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k=1 
, 4/4 
) Wa, = Wa tW39tWa3tW43 = 3/44+3/4+5/7+4/ 
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, 3/44+3/444/44+5/7 
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We conclude that Oe ee oe Ary x4 and the minimum set 

can then be reduced from Xu = 901 0 200 0 ae) eG 

Xyi= (1 10 0), the maximum set from Xn SCI 00 eal oeeleLo:, 
Cpl Or O01). to Xin (1 0 0 1) and the number of equa- 
tion under consideration has been reduced from ptq = 2+4 = 


6 to p'tq' = 1+] = 2. 


The solution will be such that a, = a = 


cali? eae eS ae OO ake y od 


4.3 General method 


Let F(X) sXor--sX,) be a positive boolean function 
and assume that all its weights are different and in the 
following order (we will justify later why we can assume 


them to be all different) 


Wy > Wo 2 W3 Pa rice eee We ; (4.2) 


that means 


Equation (4.3) can be written as 
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see a An eet bes sie th A. 

Sia so bee > tacit phe at yy 
where A; PMOL le, ca) eee ee Ws eae aT? then 
eal = 0 and our assumption of considering all weights 


to be different is then valid. 
We have seen then that Xu contains p vertices which 


can be reduced to p' (p > p') should the equality 


hold for any pair of i and j. In the same fashion, Xn 
contains q vertices which can be reduced to q' and Equa- 


tion (4.1) can be written 


tk 


Mahe aT j=l p* 
jax; = (j=1,p') 
(425) 
xtax, < T (k=1,q') . 
ak i 
Equation (4.5) can also be written 
ve (A) > R, (A) (j=1,p';k=1,q') (4.6) 


and we have transformed (4.5) a system of p'+q' equations 
with m+l unknowns (Ay rAgree Apert) into a system of p'tq' 
equations with m unknowns (aj rAgr-+rAy)- 


Using equations (4.4) system (4.6) is transformed 


into a system where then unknowns are Ay rAgre er AR iy rage 
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L, (A,a,) > R, (A, a) ly he bre) 


Example 4.3: 
Pi = X1X5otX3xX, é 


We know from Example 4.2 
PO leeee As ee OR aA Ceload aoa 
which in turn implies 


Sa, i uae en La ithe giaa! Woe taney gsc. Fe 


or using the increments A.s 
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Since Xue =e ( 1 ie 0) and Xa! = (1 0 0 1) we have 
Ly = Xu eu = a,ta,tas, = 3a34 + 3A, + Ao 
po Xn1*m1 = a,ta,ta,, = 3a3, + 2A, 


then Ly > Ry implies 


3434 + 3A, + A541 > 3234 + 2A, 


or 
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(4.7) 
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One solution is a SA = oO Aaa = 1, which gives 
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The matrix A is then 


spre GU re L, (A) = die 
Note that a A,,70 can have infinite solutions, 


but they must satisfy the condition a so A, = li 


Mi eo 
Aoy = 0 is not acceptable, because although it would 
satisfy Ay ar boy > 0, 1t wouldralso- imply ai> aot: Also 
the solution does not depend on a3) and since we are 

n 
looking for a solution which minimizes norm(A) = } |asx| 

k=1 
(i=l,n), we choose as, = 0. 


General procedure 


The following is the general procedure when we want 
to find the quadratic realization for a unate boolean 


FUNCELVONs 
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Check the function for unateness and change it, when 
necessary, to a positive boolean function. 

Find the complementary function PAX Oke xO) - 
Determine Xu and Xa! minimum and maximum set, and p 


Ane cis 


Find the weight matrix and the initial ordering 


PInae range ine x.) Such that 


M 
il n 
wea Mik © wet “3k 
and i and j in Xn such that 
n n 
wet “ik © wet “3k 


and reducing in this way p and q to p' and q'. 


Form the equations 
R, (A) < T (k=1,q") 


Supst. tution of a,'s ror A;'s (i=1m=1)i- 


Express the p'tq' equations 
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into the form Ls (aged) > Ry (qr A) (j=1,p';k=1,q'). 
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HSE ae R. for all y and k, then. the function 15 
in quadratic form and we can go on to step j, 
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inequalities of two types: 


k! simplifying common terms, we will get 


Type 1: of the kind A,>) m,A,, where k is an 
k 
integer number (one A. on the left hand side, 
two or more Ay. on the right hand side). 
‘ wy Tes NS ey le 
Type 23 Of the Kind ) m5 4 ee where mame 


are integers, two or more A; on both sides. 


For inequalities of Type 1, we set 


and substituting A, by its value on A,>} mA, we 
get 
2 


2 
A PCA GRM EN AY ES, and AZ > 0 


as expected, since we want all increments to be 


positive. Now replacing A; by its new expression 


As + ) mA, we add a positive increment to Ls and 


the number of inequalities L. < RD is bound to decrea 


decrease. 


For inequalities of Type 2 we will have situations 
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and if this is true, at least one of the follow- 


ing inequalities must hold A, > A, ; Ay > A3 i 


A, > A, or A. 2 Ay: We have no way to decide 
which one to choose and we must resort to trial 
and error. A rule of thumb says that we 

should try to pick one such that the one on the 


left (i.e. a is more often in L, that in R,. 
Suppose we choose Ay > Aye then Ay x: Ay ae Age 


The process has to be repeated until the inequa- 
lity aoe holds gror alls 7 -andik: 
ie Holds tor all 4 


and k, and assume the initial ordering was 


j) Suppose we have already that L,> R 
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The procedure should be clear by now. All we are 


|asx! 


(i=l,n) by setting to zero as many increments as we 


e . . . « 4 
trying to do is to minimize norm(A) = ) 
ee 


Can. 


We are now ready to find the threshold T and the matrix 


A. Since the increments are known, we have 


T = min, (X|AX,) (j=1,p') . 
If the function F(X) pXor--1%,) was positive to begin 
with, then [A;T] is the final realization, but if the 
original function F was not positive, then the reali- 
gation will be [A';T'] where. [A‘;T'] and [{A;T] are 


related by Theorem 2.1. 
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We can now find the weight matrix elements, ee 


; n-1 : -2 : 
c; /min (2 7M) 4 and wi = co; ,/min (2" eerie) Since 


M = 32, min (271 m) = 32 and the matrix W has the com- 


ponents 
5 ps ay 20/32 = 0.78% es 23/32 = Os L, Keo 22/32 = 02687, 
A a 18/32e= 0.562°>= Wor We = 17/732 = 0.53; 
; n-2 : 
Since Ce 2 = 16 for i=1,6, we have that 
in (2""*,c, ,c,) es EA ae 
Wo 1= W34> 16/16=1; Wait Ws i= Wei= W4om Woo 13/16 = 0.30; 
W35= 14/16 = 0.87; Wao Was — Wee L276.= 02.753 
W637 T1/16,= 0.68; Von “eM e ae Wee = L107 16,= 0562. 


Since equal weights implies equal coefficients, Aoy designs 
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and so on. 
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We now write 


ag = a¢ 
a= ae + A, 

Aa54= a¢ ar A, Aca 

az = a 5 A, nF Ara as A, 

ao = ae 1g A, a Aca + Ay te A. 


62 4 54 3 2 62 
ss Kein 1 “Welicine’” Wehiaei =a” aliags ic Wallnes soy Seles oy ta 
agj= ae + A, + Ac, + A + A, o Ago - Ay + 4a) 
Az5= ag AP Ay uP Aca “+ A3 an A. oF A62 + Ay o Ani ar A35 
a51= a¢ o" A, + Acy + Ax “ A. oF Aeo ah Ay 2 Aad os A35 + Aoy 


Designing the vertices of Xue by“, [l,7 iiL,) fv andey cand 
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Table I 


In Table I, subtracting from each column the smallest 


element we get 
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Comparing V and Ix 
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And since Aoy is only in fy we can safely take 


Z 
Ao) = Axi + 2A, a 2An, te 3a¢ + 2A, ° 


We replace Aoy by its new value and form 


Table III 
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Comparing IV with XI we get 


seal se CANN 


32 a ta 2 Net aee + 2A ao Sa 


i S 54 4 6 
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Axi + 2A... as 2h, ae Aca > Aal AL Ay sud deo + A, ote Ay 
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We teke Aoi? Ags since boy 1s only in cee Then 


Table IV 


Vertex 20 
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k 


for all j and k. We can also verify that if we set 


And this is already in quadratic form, since ta R 


ag = Ay = Agcy = 0 the function will still be in qua- 


dratic form, since SUM will be equal to (with yaa 1 = 


Table VI 


and setting A; = 1 
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3 
a3 + Ani + A, + 2hc4 + 2A,+ 3ag+ 2h, 


6+¢+1+1+0+0+0+ 22+ 10 


The matrix is then 


and T = min, (X;AX,) (j=1,p') + T= 15. 
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CONCLUSIONS 


When trying to find a function F which describes 
the behaviour of a system depending upon several vari- 


ables, it is natural to express it as 


The linear part falls under the category of linear 
threshold functions and has been investigated in detail. 

The quadratic part of the Taylor's series expansion 
is then partially covered by our work. 

We have seen some of the properties of unate boo- 
lean functions and developed a method for realizing them. 
We feel that the systematic realization of non-unate 
boolean function should be investigated in more detail, 


and that would complete our work. 
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